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Three-Dimensional Inverse Estimation of Heat
Generation in Board Mounted Chips
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The conjugate gradient method (CGM) and the general purpose commercial code CFX 4.2-based inverse al-
gorithm are utilized in a three-dimensional inverse heat conduction problem to estimate the strength of heat
generation for chips on a printed circuit board (PC-board). The mathematical formulations for simultaneously
solving the strength of heat generation for multiple chips are derived. The advantage of calling the CFX 4.2 code
as a subroutine in the present inverse calculation lies in that many dif� cult but practical three-dimensional inverse
problems can be solved under this construction because the general-purpose commercial code has the ability to
solve the direct problem easily. Results obtained by using the CGM to solve this three-dimensional inverse problem
for two chips are justi� ed based on the numerical experiments with the simulated exact and inexact measurements.
It is concluded that accurate heat generation for each chip can be estimated simultaneously by the CGM except
for the � nal time. The reason for and improvement of this singularity are addressed.

Nomenclature
C p = heat capacity
g = unknown volumetric heat generation
h = heat transfer coef� cient
J = functional de� ned by Eq. (2)
J 0 = gradient of functional de� ned by Eq. (11a)
k = thermal conductivity
P = direction of descent de� ned by Eq. (3c)
T = calculated temperature
Y = measured temperature
° = conjugate coef� cient de� ned by Eq. (3e)
1T = solution of sensitivity problem
" = convergence criteria
¸ = solution for adjoint problem
½ = density
¾ = standard deviation of the measurement errors
Ä = computationaldomain
! = random number

Superscript

ˆ = estimated values

I. Introduction

T HE demandforquieter,smaller,morepowerful,safer,andmore
reliable electronics equipment has made cooling a concern for

manufacturers.However,before thecoolingsystemcanbedesigned,
the strength of heat generation for chips on a printed circuit board
(PC-board) must be given or calculated.

The chip construction is very complicated, and, for this reason,
it is dif� cult to model the thermal behavior of chip mathematically.
Moreover, the chips are composed of different materials, and so the
heat generation of a chip must therefore be a function of position
and time.

The task now is how to obtain the strength of heat generation
of the chip having so many uncertainties, as was already stated.
The solution to this might be the techniques of the inverse heat
conduction problem (IHCP).1
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The direct heat conduction problems are concerned with the de-
terminationof temperaturedistributionin the interiorof a solidwhen
the initial and boundary conditions, thermophysicalproperties,and
heat generationare speci� ed. In contrast, the IHCP that is discussed
here involves the determination of the strength of heat generation
for chips by utilizing the measured temperature history on the back
surface of a PC-board.

The IHCP has numerous applications in many � elds of science
and engineering.For the two-dimensionalinverse problems in regu-
lar coordinates, that is, rectangular, cylindrical, and spherical coor-
dinates, or in an irregular domain, various approaches are available
and can be found in the literature.2¡6 However, three-dimensional
inverse problems with an irregular domain are very limited in the
literature.

Recently, Huang and Wang7 used the conjugate gradient method
and commercialcode CFX 4.2 (Ref. 8) in a three-dimensionalIHCP
of estimating surface heat � ux. In their paper, CFX 4.2 is a subrou-
tine in the main program where the algorithm of the conjugate gra-
dientmethod (CGM) is used. The bridge between CFX and CGM is
the input/output � le. Those � les should be arranged such that their
format can be recognize by CFX and CGM. CFX 4.2 is available
from AEA Technology, and the method of control volumes is used
to solve the thermal problems.

More recently, Huang and Chen9 extended a similar idea to a
three-dimensional IHCP of estimating surface heat � ux and ob-
tained good predictions. The objective of the present study is to
utilize the CFX 4.2 code as the subroutine in solving the three-
dimensional inverse problems by CGM in estimating the strength
of heat generation of chips on the PC-board.

The CGM is an iterative regularization method because the reg-
ularization procedure is performed as part of the iterative pro-
cesses, and, thus, the determination of optimal regularization con-
ditions is not needed.The CGM is based on Alifanov’s perturbation
principle,10 which divides the inverse problem into three subprob-
lems: 1) the direct problem, 2) the sensitivity problem, and 3) the
adjointproblem.Thesewillbedescribedhereafter.Thesethreeprob-
lems are also solved by CFX 4.2, and the calculatedvalues are used
in CGM for inverse calculations.

Finally, the inverse solutions for two transient heat conduction
problemswith different irregulargeometries and differentboundary
conditionswill be illustrated to show the validityof using the CGM
in the present three-dimensionalIHCP.

II. Direct Problem
To illustrate the methodology for developing expressions for

use in determining the unknown heat generation of chips on the
439
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Fig. 1a Geometry and coordinates.

Fig. 1b Grid system for present study.

PC-board by using CGM and CFX 4.2, we consider the follow-
ing three-dimensional IHCP. For a domain X , where f X g D fÄ1 [
Ä2 [; : : : ; [ Ä1g, Ä1 represents the PC-board and Ä j , j D 2– I are
the domains for integrated circuit (IC) chips, that is, there are a
total of (I ¡ 1) IC chips on the PC-board. The initial temperature
in X equals T0. When t > 0, the boundary conditions on all of the
boundary surfaces are subjected to the Robin boundary conditions
with heat transfer coef� cient h and ambient temperature T1 . It also
assumed that there exists a volumetric heat generation g.Ä j ; t/ in
each chip Ä j . Figure 1a shows the geometry and the coordinates
(two-chips problem, that is, I D 3) for the three-dimensionalphys-
ical problem considered here.

The mathematical formulationof the three-dimensionalheat con-
duction problem for a PC-board with chips is given by

k.Äi /

µ
@2T .Äi ; t/

@x2
C @2T .Äi ; t/

@y2
C @2T .Äi ; t/

@z2

¶

C g.Ä j ; t/±.Ä j ¡ Äi / D ½.Äi /CP .Äi /
@T .Äi ; t/

@t
; in X

i D 1– I ; j D 2– I ; t > 0 (1a)

§ k
@T

@n
D h.T ¡ T1/ on every boundry surface, t > 0 (1b)

T .Äi ; 0/ D T0; in X ; i D 1¡I ; t D 0 (1c)

The conditions on the interface between chips and PC-board are
given as

T .Ä1 \ Ä j / D T .Ä j / and

k.Ä1 \ Ä j /
@T .Ä1 \ Ä j ; t/

@n
D k.Ä j /

@T .Ä j ; t/

@n

j D 2¡I; t > 0 (1d)

The solution for the preceding three-dimensional transient heat
conduction problem in domain X is solved using CFX 4.2 and the
FORTRAN subroutine USRBCS. The direct problem considered
here is concerned with the determination of the medium tempera-
ture when all of the boundary conditions at all boundaries and heat
generations are known.

III. Inverse Problem
For the inverse problem, the volumetric heat generation g.Ä j ; t/

in Ä j ; j D 2– I are regarded as being unknown, but everything else
in Eq. (1) is known. In addition,temperature readingsusing infrared
scannerstakenat someappropriatelocationsand timeson thebottom
surface Sb are considered available.

Let the temperature reading taken by infrared scannerson bottom
surface Sb be Y .Sb; t/ ´ Y .xm ; ym ; zm ; t/ ´ Ym .t/, m D 1– M , where
M representsthenumberofmeasuredtemperatureextractingpoints.
We note that the measured temperatureYm.t/ containsmeasurement
errors. Then the inverse problem can be stated as follows: By the
utilizion of the aforementioned measured temperature data Ym.t/,
estimate the unknown heat generations, g.Ä j ; t/, in Ä j , j D 2– I .

The solution of the present inverse problem is to be obtained in
such a way that the following functional is minimized:

J [g.Ä j ; t/] D
Z t f

t D 0

MX

m D 1

[T .xm; ym; zm ; t/ ¡ Y .xm; ym ; zm ; t/]2 dt

D
Z t f

t D 0

MX

m D 1

[Tm .t/ ¡ Ym.t/]2 dt (2)

Here, Tm .t/ are the estimated or computed temperatures at the mea-
sured temperature extracting locations (xm; ym; zm ) at time t . These
quantities are determined from the solution of the direct problem
given earlier by using an estimated Og.Ä j ; t/ for the exact g.Ä j ; t/.
Here the carat denotes the estimated quantities, and t f is the � nal
time.

IV. Conjugate Gradient Method for Minimization
The following iterative process based on the conjugate gradient

method10 is now used for the estimation of unknown heat sources
g.Ä j ; t/ by minimizing the functional J [g.Ä j ; t/]

Ogn C 1.Ä j ; t/ D Ogn.Ä j ; t/ ¡ ¯n
j Pn.Ä j ; t/

for j D 2– I; n D 0; 1; 2; : : : (3a)

or, in vector form,

Ogn C 1.t/ D Ogn.t/ ¡ ¯nPn.t/ (3b)

where ¯n
j are the search step sizes in going from iteration n to

iteration n C 1 and Pn.Ä j ; t/ are the directions of descent, that is,
search directions, given by

Pn.Ä j ; t/ D J 0n.Ä j ; t/ C ° n
j Pn ¡ 1.Ä j ; t/; for j D 2– I

(3c)
In vector form this is

Pn C 1.t/ D J0n.t/ ¡ °nPn ¡ 1.t/ (3d)

which are the conjugations of the gradient direction J 0n.Ä j ; t/ at
iteration n and the direction of descent Pn ¡ 1.Ä j ; t/ at iteration
n ¡ 1. The conjugate coef� cient is determined from

° n
j D

R t f

t D 0

R
Ä j

.J 0n/2 dÄ j dt
R t f

t D 0

R
Ä j

.J 0n ¡ 1/2 dÄ j dt
(3e)

with ° 0
j D 0.
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We note that when ° n
j D 0 for any n, in Eq. (3b), the direction of

descent Pn.Ä j ; t/ becomes the gradientdirection, that is, the steep-
est descent method is obtained. The convergence of the preceding
iterative procedure in minimizing the functional J is guaranteedas
shown in the paper by Lasdon et al.11

To perform the iterations according to Eq. (3a), we need to com-
pute the step size ¯n

j and the gradientof the functional J 0n.Ä j ; t/. To
develop expressions for the determination of these two quantities,
the sensitivity problems and an adjoint problem are constructed as
described hereafter.

A. Sensitivity Problem and Search Step Size

Because the problem involves (I ¡ 1) unknown time-dependent
volumetric heat sources, g.Ä j ; t/; j D 2– I . To derive the sensitiv-
ity problem for each unknown heat source, we should perturb one
unknown heat source at a time.

The sensitivity problems are obtained from the original direct
problem de� ned by Eq. (1) in the following manner: It is assumed
that when g.Ä j ; t/ undergoes a variation 1g.Ä j ; t/±.i ¡ j/, where
±.²/ is the Dirac delta function and i D 1– I and j D 2– I , then
T .Äi ; t/ is perturbed by 1T j .Äi ; t/. Then replacing g.Ä j ; t/ in
the direct problem by g.Ä j ; t/ C 1g.Ä j ; t/±.i ¡ j/ and T .Äi ; t/
by T .Äi ; t/ C 1T j .Äi ; t/, subtracting from the resulting expres-
sions the direct problem, and neglectingthe second-orderterms, the
following (I ¡ 1) sensitivity problems for the sensitivity functions
1T j .Äi ; t/ are obtained:

k.Äi /

µ
@21T j .Äi ; t/

@x2
C @ 21T j .Äi ; t/

@y2
C @21T j .Äi ; t/

@z2

¶

C 1g.Ä j ; t/±.Äi ¡ Ä j / D ½.Äi /CP .Äi /
@1T j .Äi ; t/

@t

in X ; i D 1– I; j D 2– I; t > 0 (4a)

§ k
@1T j

@n
D h1T j on every boundary surface, t > 0 (4b)

D T j D 0; in X ; t D 0 (4c)

The conditions on the interface between chips and PC-board are
given as

1T .Ä1 \ Ä j / D 1T .Ä j / and

k.Ä1 \ Ä j /
@1T .Ä1 \ Ä j ; t/

@n
D k.Ä j /

@1T .Ä j ; t/

@n

j D 2– I; t > 0 (4d)

The CFX 4.2 is used to solve these (I ¡ 1) sensitivity problems.
The functional J [Ogn C 1.t/] for iteration n C 1 is obtained by

rewriting Eq. (2) as

J [Ogn C 1.t/] D
Z t f

t D 0

MX

m D 1

£
Tm[Ogn.t/ ¡ ¯nPn.t/] ¡ Ym

¤2
dt (5)

where we replaced Ogn C 1 by the expressiongiven by Eq. (3a). If tem-
perature Tm[Ogn.t/ ¡ ¯nPn.t/] is linearized by a Taylor expansion,
Eq. (5a) takes the form

J [Ogn C 1.t/] D
Z t f

t D 0

MX

m D 1

"
Tm .Ogn/ ¡

IX

j D 2

¯n
j 1Tm ; j

¡
Pn

j

¢
¡ Ym

#2

dt

(6)

Where Tm .Ogn ) is the solution of the direct problem by using es-
timate Ogn for exact g at .xm ; ym; zm/ and time t . The sensitivity
functions1Tm; j .Pn

j / are taken as the solutionsof problem (4) at the
measured temperature extracting positions .xm ; ym; zm/ and time t
by letting 1g D Pn (Ref. 10). The search step sizes ¯n

j can be deter-
mined by minimizing the functional given by Eq. (6) with respect
to ¯n

j .

B. Adjoint Problem and Gradient Equation

To obtain the adjoint problem, Eq. (1a) is multiplied by the
Lagrange multiplier (or adjoint functions) ¸ j .Äi ; t/, and the result-
ing expression is integrated over the correspondent space and time
domains. Then the result is added to the right-hand side of Eq. (2)
to yield the following expression for the functional J [g.Ä j ; t/]:

J [g.Ä j ; t/] D
Z t f

t D 0

Z

Sb

[T ¡ Y ]2±.x ¡ xm/±.y ¡ ym/

£ ±.z ¡ zm/ dSb dt C
Z t f

t D 0

Z

Ä

¸ j .Äi /

(
k.Äi /

µ
@2T .Äi ; t/

@x2

C @2T .Äi ; t/

@y2
C @2T .Äi ; t/

@z2

¶
C g.Ä j ; t/±.Äi ¡ Ä j /

¡ ½.Äi /CP .Äi /
@T .Äi ; t/

@t

)
dÄ dt

in X ; i D 1– I ; j D 2– I; t > 0 (7)

The variation 1J j is obtained by perturbing g.Ä j ; t/ by
1g.Ä j ; t/±.i ¡ j/ and T .Äi ; t/ by 1T j .Äi ; t/ in Eq. (7), where
i D 1– I and j D 2– I , subtracting from the resulting expression the
original Eq. (7), and neglecting the second-order terms. We, thus,
� nd

1J j D
Z t f

t D 0

Z

Sb

2.T ¡ Y /1T ±.x ¡ xm /±.y ¡ ym /

£ ±.z ¡ zm/ dSb dt C
Z t f

t D 0

Z

Ä

¸ j .Äi /

(
k.Äi /

µ
@21T .Äi ; t/

@x2

C @21T .Äi ; t/

@y2
C @ 21T .Äi ; t/

@z2

¶
C 1g.Ä j ; t/±.Äi ¡ Ä j /

¡ ½.Äi /CP .Äi /
@1T .Äi ; t/

@t

)

dÄ dt

in X ; i D 1– I ; j D 2– I; t > 0 (8)

where ±.²/ is the Dirac delta function and .xm; ym; zm/, m D 1– M ,
refer to the measured temperature extracting positions. In Eq. (8),
the domain integral term is reformulated based on Green’s second
identity; the boundaryconditionsof the sensitivityproblemgivenby
Eqs. (4b) and (4c) are utilized. Finally, we found that the equations
for adjoint problems are all identical to each other for j D 2– I . For
this reason, the subscript j can be neglected, and we obtained the
following adjoint problems ¸.Äi ; t/:

k.Äi /

µ
@2¸.Äi ; t/

@x2
C

@2¸.Äi ; t/

@y2
C

@2¸.Äi ; t/

@z2

¶

C ½.Äi /CP .Äi /
@¸.Äi ; t/

@t
D 0

in X ; i D 1– I; t > 0 (9a)

§ k
@¸

@n
D h¸ on every boundary surface (except for Sb/; t > 0

(9b)

k
@¸

@n
D h¸ C 2.T ¡ Y /±.x ¡ xm /.y ¡ ym /.z ¡ zm/

on Sb ; t > 0 (9c)

¸ D 0; in X ; t D t f (9d)
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Moreover, the conditions on the interface between chips and
PC-board are given as

¸.Ä1 \ Ä j / D ¸.Ä j /

k.Ä1 \ Ä j /
@¸.Ä1 \ Ä j ; t/

@n
D k.Ä j /

@¸.Ä j ; t/

@n

j D 2– I; t > 0 (9e)

The adjoint problem is different from the standard initial value
problems in that the � nal time conditions at time t D t f is speci� ed
instead of the customary initial condition. However, this problem
can be transformedto an initial valueproblemby the transformation
of the time variables as ¿ D t f ¡ t . Then CFX can be used to solve
the preceding adjoint problem.

Finally, the following integral term is left:

1J j D
Z t f

t D 0

Z

Ä j

¸.Ä j ; t/1g.Ä j ; t/ dÄ j dt (10a)

By de� nition,10 the functional increment can be presented as

1J j D
Z t f

t D 0

Z

Ä j

J 0[g.Ä j ; t/]1g.Ä j ; t/ dÄ j dt (10b)

A comparison of Eqs. (10a) and (10b) leads to the following
expression for the gradient of the functional J [g.Ä j ; t/]:

J 0[g.Ä j ; t/] D ¸.Ä j ; t/jinÄ j
(11a)

We note that the gradient J 0 at � nal time t D t f is always equal
to zero because ¸.Ä j ; t f / D 0. If the initial guessed values of g0

are incompatible with this constraint on the gradients at the � nal
time, then the estimated strengthof heat generationof the chips will
deviate from theirexact valuesnear the � nal time. In fact, this occurs
in the numerical test cases to be presented hereafter. However, for
those test cases this singularityat t D t f can be avoidedby using the
arti� cial end conditions

J 0.Ä j ; t f / D ¸.Ä j ; t f ¡ 1t/ (11b)

Here, 1t denotes the time increment used in CFX.
When the arti� cial gradient equation (11b) is replaced with the

gradient equation (11a), the singularity at � nal time t D t f can be
avoided in the present study and a reliable inverse solution can be
obtained.

C. Stopping Criterion

If the problem contains no measurement errors, the traditional
check condition is speci� ed as

J
£

Ogn C 1.Ä j ; t/
¤

< " (12a)

where " is a small speci� ed number. However, the observed tem-
perature data may contain measurement errors. Therefore, we do
not expect the functionalequation (2) to be equal to zero at the � nal
iteration step. Following Refs. 7, 9, and 10, we use the discrep-
ancy principle as the stopping criterion, that is, we assume that the
temperature residuals may be approximated by

Tm.t/ ¡ Ym .t/ ¼ ¾ (12b)

where ¾ is the standard deviation of the measurements, which is
assumed to be a constant.When Eq. (12b) is substitutedinto Eq. (2),
the following expression is obtained for stopping criteria ":

" D M¾ 2t f (12c)

Then, the stopping criterion is given by Eq. (12a) with " deter-
mined from Eq. (12c).

V. Computational Procedure
The computationalprocedurefor the solutionof this inverseprob-

lem using CGM may be summarized as follows:
Suppose Ogn.Ä j ; t/ is available at iteration n.
1) Solve the direct problem given by Eq. (1) for T .Äi ; t/.
2) Examine the stoppingcriteriongiven by Eq. (12a) with " given

by Eq. (12c). Continue if not satis� ed.
3) Solve the adjoint problem given by Eq. (9) for ¸.Äi ; t/.
4) Compute the gradient of the functional J 0 from Eq. (11).
5) Compute the conjugate coef� cient ° n

j and direction of descent
Pn.Ä j ; t/ from Eqs. (3c) and (3b), respectively.

6) Set 1g.Ä j ; t/ D Pn.Ä j ; t/, and solve the sensitivity problem
given by Eq. (4) for 1T .Äi ; t/.

7) Compute the search step size ¯n
j from Eq. (6).

8) Compute the new estimation for Ogn C 1.Ä j ; t/ from Eq. (3a)
and return to step 1.

VI. Results and Discussion
The objective of this paper is to show the validity of the CGM

in simultaneouslyestimating the strength of the heat generation for
chips g.Ä j ; t/ in Ä j accurately and with no prior information on
the functional form of the unknown quantities.

To illustrate the accuracy of the CGM in predicting g.Ä j ; t/ in a
domain Ä with three-dimensionalinverse analysis from the knowl-
edge of transient temperature recordings, a speci� c two-chips ex-
ample having a different form of heat generation for each chip is
considered here.

To compare the results for situations involving random measure-
ment errors, we assume normally distributed uncorrelated errors
with zero mean and constant standard deviation. The simulated in-
exact measurement data Y can be expressed as

Y D Yexact C !¾ (13)

where Yexact is the solution of the direct problem with an exact heat
generation g.Ä j ; t/; ¾ is the standard deviation of the measure-
ments, and ! is a random variable that is generated by subroutine
DRNNOR of the IMSL12 and will be within ¡2.576–2.576 for a
99% con� dence bound. In other words, we may say the measure-
ment uncertainty is 100 : 1.

One of the advantages of using the CGM to solve the inverse
problems is that the initial guessesof the unknown quantitiescan be
chosen arbitrarily. In all of the test cases consideredhere, the initial
guessesof Og.Ä j ; t/ are taken as Og.Ä j ; t/initial D 0:0. We now present
the numerical experiments in determining g.Ä j ; t/ by the inverse
analysis using the CGM.

VII. Numerical Test Case
The geometry for numerical test case is shown in Fig. 1a, which

represents a PC-board .Ä1/ where one circular .Ä2/ chip and one
elliptical .Ä3/ chip are mounted on the surface, that is, I D 3 for the
present case. Because the thickness of chips is very thin, we will
focus on only the thin wall problem and assume heat generationis a
function of time t and surface positions x and y only (not function
of z), that is, g.Ä j ; t/ D g.x; y; t/ D g.I; J; t/:

For the numerical experiments considered here, the boundary
conditions on all of the boundaries are subjected to the Robin type
(convection) boundary condition, the grids along the x , y, and z
directionsfor Ä1; Ä2, and Ä3 are takenas 30 £ 30£ 2; 10 £ 10 £ 3,
and 10 £ 10 £ 3, respectively. The time interval is chosen as 20,
that is, t f D 20, and time step 1t D 1 is used. Therefore, a total of
4000 unknown discreteheat generationsare to be determined in the
present study. The initial temperature T0 and ambient temperature
T1 are all taken as 0. The thermal properties k; ½; C p , and h are all
assumed equal to 3 for Ä1; 2 for Ä2 , and 1 for Ä3. The measured
temperature-extractingpositions are the same as the grid points on
the board surface. The number of measured temperatures M by
using infrared scanners is thus taken as 900. The grid system for the
present study is shown in Fig. 1b.
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Fig. 2 Exact heat source g1(I; J; t) at t = 5 and 13.

The exact strength of the unknown transient heat generation
g.Ä2; t/ D g1.I ; J; t/ in the � rst chip Ä2 is assumed as

g1.I ; J; t/ D 2 £ absf[20 ¡ .5 ¡ J /2 ¡ .5 ¡ I /2]

£ sin[.t=10/¼ ] C 100g;
»

3 · I · 7

3 · J · 7; 0 < t · 8
g1.I ; J; t/ D 50; elsewhere

g1.I ; J; t/ D 2 £ absf[17 ¡ .5 ¡ J /2 ¡ .5 ¡ I /2]

£ sin[.t=10/¼ ] C 50g;
»

3 · I · 7

3 · J · 7; 8 < t · 20
g1.I ; J; t/ D 100; elsewhere

(14a)

and the strengthof theunknowntransientheatgenerationg.Ä3; t/ D
g2.I; J; t/ in the second chip Ä3 is assumed as

g2.I ; J; t/ D 2 £ absf[20 ¡ .5 ¡ J /2 ¡ .5 ¡ I /2]

£ sin[.t=10/¼ ] C 100g;
»

3 · I · 7

3 · J · 7; 0 < t · 8
g2.I ; J; t/ D 50; elsewhere

g2.I ; J; t/ D 2 £ absf[17 ¡ .5 ¡ J /2 ¡ .5 ¡ I /2]

£ sin[.t=10/¼ ] C 50g;
»

3 · I · 7

3 · J · 7; 8 < t · 20
g2.I ; J; t/ D 200; elsewhere

(14b)

where I and J represent the grid index for a chip on the x – y plane.
The exact plots for g1.I; J; t/ and g2.I; J; t/ at t D 5 and t D 13 are
shown in Figs. 2 and 3, respectively.

Note that in the present test case we use Og.Ä j ; t/initial D 0:0, but
now g.Ä j ; t f / 6D 0; therefore, we conclude that the singularity at
� nal time t f will happen in this case and the modi� ed gradient at
� nal time in Eq. (11b) must be used to overcome this singularity.

Fig. 3 Exact heat source g2(I; J; t) at t = 5 and 13.

The inverse solutions near � nal time under this consideration are
very accurate. In this test case the estimated Og.Ä j ; t/ is chosen up
to t D 19.

The inverse analysis is � rst performed by assuming exact mea-
surements, ¾ D 0:0. The estimated g1.I; J; t/ and g2.I; J; t/ after
30 iterations at t D 5 and 13 is shown in Figs. 4 and 5, respectively.
It can be seen from Figs. 2 and 4 and 3 and 5 that the estimations
are very accurate. The average errors for g1.I ; J; t/ and g2.I ; J; t/
are calculated as 0.25 and 0.28%, respectively, where the average
error for the estimated heat generation is de� ned as

average error% D

"
10X

I D 1

10X

J D 1

t fX

t D 1

­­­­­
g j .I ; J; t/ ¡ Og j .I; J; t/

g j .I; J; t/

­­­­­

#

¥ .I £ J £ t/ £ 100%; j D 1; 2 (15)

Here, I and J represent the index of discreted unknown heat gener-
ation in Ä2 and Ä3 , whereas t denotes the index of discretized time.
Here, g j .I; J; t/ and Og j .I ; J; t/ denote the exact and estimated val-
ues of the heat source.

Next, let us discuss the in� uence of the measurement errors on
the inverse solutions. First, the measurement error for the temper-
atures measured by infrared scanners is taken as ¾ D 0:87 (about
2% of the average measured temperature), then the error is in-
creased to ¾ D 2:18 (about 5% of the average measured temper-
ature). The estimated g1.I ; J; t/ and g2.I; J; t/ at t D 5 and 13 for
these two test cases are shown in Figs. 6–9. The number of iterations
for ¾ D 0:87 case is only 12, and the average errors for g1.I ; J; t/
and g2.I; J; t/ are calculated as 2.8 and 2.3%, respectively.For the
¾ D 2:18 case, the number of iterations is only six, and the average
errors for g1.I ; J; t/ and g2.I ; J; t/ are calculated as 6.1 and 5.0%,
respectively.This implies that reliable inverse solutions can still be
obtained when measurement errors are considered.

To show the estimated inverse solutions more clearly, we plot
Fig. 10, which is the estimated g1.I; J; t/ at t D 5 and 13 obtained
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Fig. 4 Estimated heat source g1(I; J; t) at t = 5 and 13 using ¾ = 0:0.

Fig. 5 Estimated heat source g2(I; J; t) at t = 5 and 13 using ¾ = 0:0.

Fig. 6 Estimated heat source g1(I; J; t) at t = 5 and 13 using ¾ = 0:87.

Fig. 7 Estimated heat source g2(I; J; t) at t = 5 and 13 using ¾ = 0:87.
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Fig. 8 Estimated heat source g1(I; J; t) at t = 5 and 13 using ¾ = 2:27.

Fig. 9 Estimated heat source g2(I; J; t) at t = 5 and 13 using ¾ = 2:27.

Fig. 10 Estimated heat source g1(I; 5; t) extracting from Figs. 2, 4, and
8 at t = 5 and 13 using J = 4: —:— , exact (t = 5, obtained from � g 2); s ,
CGM (t = 5, obtained from � g 4); n , CGM (t = 5, obtained from � g 8);
–—j—– , exact (t = 13, obtained from � g 2); u , CGM (t = 13, obtained from
� g 4); and r , CGM (t = 13, obtained from � g 8).

Fig. 11 Estimated heat source g2(I; 7; t) extracting from Figs. 3, 5, and
9 at t = 5 and 13 using J = 7: —:— , exact (t = 5, obtained from � g 3); s ,
CGM (t = 5, obtained from � g 5); n , CGM (t = 5, obtained from � g 9);
–—j—– , exact (t = 13, obtained from � g 3); u , CGM (t = 13, obtained from
� g 5); and r , CGM (t = 13, obtained from � g 9).

from Figs. 2, 4, and 8 at J D 5. In Fig. 11, the estimated g2.I ; J; t/
at t D 5 and 13 obtained from Figs. 3, 5, and 9 at J D 7 is plotted.

From theprecedingtest cases,we learnedthat a three-dimensional
IHCP in estimating the strength of the volumetric heat generation
of chips on the PC-board is now completed. Reliable estimations
can be obtainedwhen using either exact or errormeasurementswith
uncertainty.

VIII. Conclusions
The CGM, along with CFX 4.2, was successfullyapplied for the

solution of the three-dimensionalIHCP to estimate simultaneously
the strength of heat generation for chips on a PC-board by utilizing
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simulated temperature readings obtained on the board surface from
infrared scanners. Several test cases involving different measure-
ment errors were considered. The results show that the inverse so-
lutions obtainedby CGM are still very accurate as the measurement
errors are increased.

From the numerical test cases in the present study we concluded
that theuse ofCFX 4.2 as the subroutinein the three-dimensionalin-
verseproblemin estimating the strengthof heat generationfor chips
with the CGM was successful. By the use of the same algorithm,
many practicalbut dif� cult three-dimensionalinverse problems can
also be solved.
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